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Abstract
In this work, a general form of Jordan’s inequality:







is established, where x ∈ (0, pi/2], P2N (x) =
∑N
n=0 an(pi2−4x2)n, a0 = 2pi , a1 = 1pi3 , an+1 = 2n+12(n+1)pi2 an− 116n(n+1)pi2 an−1,
and N ≥ 0 is a natural number. The applications of the above result give the general improvement of the Yang Le inequality and a
new infinite series (sin x)/x =∑∞n=0 an(pi2 − 4x2)n for 0 < |x | ≤ pi/2.
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(x); A new infinite series for (sin x)/x
1. Introduction
The following result is known as Jordan’s inequality [1]:






with equality if and only if x = pi/2.
Debnath and Zhao [2] have obtained a new lower bound for the function sin xx . Their result reads as follows







(pi2 − 4x2) (2)
with the equality if and only if x = pi/2.
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The author of this paper [3] obtained a further result:









+ pi − 2
pi3
(pi2 − 4x2) (3)




are the best constants in (3).
Recently, the author of this paper [4] has given new improvement of Jordan’s inequality.





(pi2 − 4x2)+ 12− pi
2
16pi5






(pi2 − 4x2)+ pi − 3
pi5
(pi2 − 4x2)2 (4)




are the best constants in (4).
In the form of (3) and (4), we finally obtain the general Jordan’s inequality as follows
Theorem 5. Let 0 < x ≤ pi/2 and N ≥ 0 is a natural number, then






(pi2 − 4x2)N+1 (5)
with the equalities if and only if x = pi/2, where, P2N (x) =∑Nn=0 an(pi2 − 4x2)n and
a0 = 2
pi
, a1 = 1
pi3
, an+1 = 2n + 1
2(n + 1)pi2 an −
1
16n(n + 1)pi2 an−1, n = 1, 2, . . . . (6)
Furthermore, aN+1 and 1−
∑N
n=0 anpi2n
pi2(N+1) are the best constants in (5).
2. Six lemmas
Lemma 1 ([5,6]). Let f, g : [a, b] → R be two continuous functions which are differentiable on (a, b). Further, let
g′ 6= 0 on (a, b). If f ′/g′ is increasing (or decreasing) on (a, b), then the functions
f (x)− f (b)
g(x)− g(b)
and
f (x)− f (a)
g(x)− g(a)
are also increasing (or decreasing) on (a, b).
Lemma 2 ([7,8]). Let jn(x) be the Spherical Bessel Functions of the first kind, jn(x) =
√
pi









, n = 0, 1, 2, . . . . (7)
Lemma 3 ([9,10]). Let jn(x) be the SBFs of the first kind, jn(x) =
√
pi
2x Jn+ 12 (x), then
jn+1(x) = 2n + 1x jn(x)− jn−1(x) (8)
or
(2n + 1) jn(x) = x[ jn+1(x)+ jn−1(x)]. (9)
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Lemma 4 ([9]). Let jn(x) be the SBFs of the first kind, jn(x) =
√
pi
2x Jn+ 12 (x), then
x j ′n(x) = njn(x)− x jn+1(x). (10)
In the following, we show some new results about the properties of a function involving jn(x).
Lemma 5. Let jn(x) be the SBFs of the first kind, jn(x) =
√
pi









hn+1(x) = hn(x), n = 0, 1, 2, . . . . (11)
Proof. We know that h′n+1(x) = xn+1[(n+ 2) jn+1(x)+ x j ′n+1(x)], and xhn(x) = x(xn+1 jn(x)) = xn+1[x jn(x)], so
(11) holds when we prove
(n + 2) jn+1(x)+ x j ′n+1(x) = x jn(x) (12)
or
(n + 1) jn(x)+ x j ′n(x) = x jn−1(x). (13)
In fact, (13) comes from (9) and (10). 
Lemma 6. Let jn(x) be the SBFs of the first kind, jn(x) =
√
pi







hn(x) = x j0(x) = sin x, n = 0, 1, 2, . . . . (14)
Proof. We shall prove (14) by mathematical induction.
(i) When n = 1, 1x ddx h1(x) = 1x ddx [x2 j1(x)] = 1x ddx [x2(− cos xx + sin xx2 )] = sin x .
(ii) Supposing (14) holds for n = N or [ 1x ddx ]NhN (x) = sin x .
























hN (x) = sin x .
That is, (14) holds for n = N + 1. 
3. A concise proof of Theorem 5
Let F(x) = sin xx −P2N (x)
(pi2−4x2)N+1 = f1(x)g1(x) =
f1(x)− f1( pi2 )
g1(x)−g1( pi2 ) , where f1(x) =
sin x
x − P2N (x), and g1(x) = (pi2 − 4x2)N+1;











































where f2(x) = 1−8 [ 1x ddx ] sin xx −
∑N
n=1 nan(pi2 − 4x2)n−1, and g2(x) = (N + 1)(pi2 − 4x2)N ;
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Since limx→ pi2 − f2(x) = limx→ pi2 −(
1
−8 [ 1x ddx ] sin xx −
∑N
















n(n − 1)an(pi2 − 4x2)n−2













where f3(x) = 1(−8)2 [ 1x ddx ]2 sin xx −
∑N
n=2 n(n − 1)an(pi2 − 4x2)n−2, and g3(x) = (N + 1)N (pi2 − 4x2)N−1;
















n(n − 1) · · · 2an













where fN+1(x) = 1(−8)N [ 1x ddx ]N sin xx −
∑N
n=N n(n − 1) · · · 2an , and gN+1(x) = (N + 1)N · · · 2(pi2 − 4x2).
Since limx→ pi2 − fN+1(x) = limx→ pi2 −(
1












(−8)N N ! by Lemma 2. That is,
aN = 1



















= 2N − 1
2Npi2
aN−1 − 1
16N (N − 1)pi2 aN−2. (16)
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where p3(x) = [ 1x ddx ]2hN+1(x), and q3(x) = (2N + 3)(2N + 1)x2N−1;








[(2N + 3)!!]x .




(2N+3)!! , which is decreasing on (0, pi/2). Therefore, we obtain that F(x) is
















x − P2N (x)






























pi2(N+1) and aN+1 are the best constants in (5).
4. The application of general Jordan’s inequality
Let Hi j = cos2 λAi + cos2 λA j − 2 cos λpi cos λAi cos λA j . It follows from [11] that
sin2 λpi ≤ Hi j ≤ 4 sin2 λ2pi. (17)

















(cos2 λAi + cos2 λA j − 2 cos λpi cos λAi cos λA j )
= (n − 1)
n∑
k=1
cos2 λAk − 2 cos λpi
∑
1≤i< j≤n
cos λAi cos λA j . (19)




































































































Substituting (20) and (21) into (18), we obtain the general improvement of the Yang Le inequality as follows
Theorem 6. Let Ai > 0 (i = 1, 2, . . . , n) with∑ni=1 Ai ≤ pi , let 0 ≤ λ ≤ 1 and let n ≥ 2 be a natural number. Then
L(λ) ≤ (n − 1)
n∑
k=1
cos2 λAk − 2 cos λpi
∑
1≤i< j≤n











































5. New infinite series for sin xx
In this section, we consider to show a new infinite series of (sin x)/x and a property of the constants in series.
Theorem 7. Let 0 < x ≤ pi/2 and N ≥ 0 be a natural number, then
sin x
x
= P2N (x)+ Q2N+2, (23)
where P2N (x) =∑Nn=0 an(pi2 − 4x2)n and
a0 = 2
pi
, a1 = 1
pi3
, an+1 = 2n + 1
2(n + 1)pi2 an −
1
16n(n + 1)pi2 an−1, n = 1, 2, . . . .
The reminder term is
Q2N+2 = jN+1(ξ)
(N + 1)!(8ξ)N+1 (pi





8N+1(N + 1)!(2N + 3)!!
sin η
η






(pi2−4x2)N+1 = f1(x)g1(x) =
f1(x)− f1( pi2 )
g1(x)−g1( pi2 ) , where f1(x) =
sin x
x − P2N (x), and g1(x) = (pi2−4x2)N+1. By using
Cauchy mean value theorem repeatedly, we obtain
sin x
x − P2N (x)




















































where p1(ξ) = hN+1(ξ), and q1(ξ) = ξ2N+3.
Then
sin x
x − P2N (x)




























8N+1(N + 1)!(2N + 3)!!
sin η
η






(N + 1)!(8ξ)N+1 (pi




8N+1(N + 1)!(2N + 3)!!
sin η
η
(pi2 − 4x2)N+1, 0 < η < pi
2
. 
Since limN→+∞ Q2N+2 = 0 from (25), we can obtain the result about a new expansion for (sin x)/x as follows











, a1 = 1
pi3
, an+1 = 2n + 1
2(n + 1)pi2 an −
1
16n(n + 1)pi2 an−1, n = 1, 2, . . . .
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